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Motivated by the recent experiment of Velasco Jr. et al. [J. Velasco Jr. et al., Nat. Nanotech-
nology 7, 156 (2012)], we develop a mean-field theory of the interaction-induced antiferromagnetic
(AF) state in bilayer graphene at charge neutrality point at arbitrary perpendicular magnetic field
B. We demonstrate that the AF state can persist at all B. At higher B, the state continuously
crosses over to the AF phase of the ν = 0 quantum Hall ferromagnet, recently argued to be realized
in the insulating ν = 0 state. The mean-field quasiparticle gap is finite at B = 0 and grows with in-
creasing B, becoming quasi-linear in the quantum Hall regime, in accord with the reported behavior
of the transport gap. By adjusting the two free parameters of the model, we obtain a simultaneous
quantitative agreement between the experimental and theoretical values of the key parameters of
the gap dependence – its zero-field value and slope at higher fields. Our findings suggest that the
insulating state observed in bilayer graphene in Ref. 1 is antiferromagnetic (canted, once the Zeeman
effect is taken into account) at all magnetic fields.
PACS numbers:
I. INTRODUCTION
Bilayer graphene (BLG) presents an exciting arena for
the observation of the correlated electron physics1–24.
The nearly quadratic dispersion of the electron spectrum
about the charge neutrality point makes the system sus-
ceptible to even weak interactions and at zero magnetic
field, allowing for instabilities towards various broken-
symmetry phases. A variety of correlated states at zero
doping, characterized by different ordering of the valley,
layer, and spin degrees of freedom have been predicted
or considered8–19. At finite perpendicular magnetic field
B, quenching of the kinetic energy facilitates the corre-
lation effects. In the quantum Hall (QH) regime, the
zero-density state transforms into the ν = 0 quantum
Hall ferromagnet (QHFM)1–7,20–24, which also supports
a number of interesting phases.
FIG. 1: The antiferromagnetic (AF) state in bilayer graphene
(BLG) at arbitrary orbital magnetic field. If the Zeeman ef-
fect is neglected, as done in this paper for simplicity, the A
and B˜ sublattices, located in different layers, have arbitrary
antiparallel spin polarizations, as shown. The magnetization
on the B and A˜ sublattices is negligible in the weak-coupling
limit. Once the Zeeman effect is included, the AF state trans-
forms into the canted AF state24, not shown here.
Recent transport experiments1,5–7 on high-quality sus-
pended BLG samples provided compelling evidence for
the interaction-induced ground states both at B = 0
and in the QH regime. Several qualitatively different
behaviors were reported. In Refs. 5,6, the zero-density
state was insulating in the QH regime (reached already
at B & 1T), showed metallic value of the two-terminal
conductance G & e2/h at B = 0 and a nonmonotonic be-
havior of G at intermediate B . 1T. In Ref. 7, in cleaner
samples (labeled B2 therein), at B = 0, the differential
conductance displayed signatures of the insulating gap
with the minimal zero-bias conductance G ≈ 0.2e2/h;
remarkably, at the same time, no fully developed insu-
lating state was observed at higher B. Finally, Ref. 1
reported a pronounced insulating state at all magnetic
fields. The transport gap was Eexpgap ≈ 20K at B = 0
and grew with increasing B, becoming linear in B in the
QH regime, with the slope dEexpgap/dB ≈ 5.5meV/T, as
the state continuously crossed over to the ν = 0 QHFM
state.
While all scenarios are equally interesting, in this pa-
per we concentrate on the theoretical description of the
latter1 – the insulating state at all magnetic fields. We
develop a mean-field (MF) theory of the insulating an-
tiferromagnetic (AF) state in BLG, Fig. 1, at arbitrary
perpendicular magnetic field. We demonstrate that, the
AF phase can persist at all B, continuously interpolat-
ing between the earlier studied B = 08,13,15,16 and QH
(AF phase of the ν = 0 QHFM)24 limits. Most impor-
tantly, the obtained mean-field spectrum reproduces well
the crucial experimental feature of Ref. 1 – the depen-
dence of the transport gap on the magnetic field. We
obtain a simultaneous quantitative agreement between
the experimental and theoretical values of the key pa-
rameters of the gap dependence – its zero-field value and
slope at higher fields – by adjusting the two free param-
eters of the model. Our findings further substantiate the
conclusions about the AF phase in the QH regime24 and
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2at B = 01, suggesting the AF phase as the most likely
candidate for the insulating state observed in Ref. 1.
A large number of correlated phases in BLG at B = 0
predicted or considered in theoretical literature8–19 can
be classified according to the properties of their charge
excitations as (i) bulk gapless (e.g., nematic9,12,13,17,18);
(ii) topologically nontrivial bulk gapped phases with
gapless edge excitations (e.g., quantum anomalous Hall
(QAH)14–16,22, quantum spin Hall (QSH)15–18); and (iii)
fully gapped (bulk and edge) (e.g., ferroelectric11,16–18,
AF8,13,15–18). The AF phase was argued in Ref.1 to
be the most likely candidate for the insulating state at
B = 0, while the phases of (i) and (ii) types can be
ruled out with certain confidence, since they should ex-
hibit metallic two-terminal conductance G & e2/h. The
phases (i) or (ii) are more suitable candidates for the
metallic low-field behavior observed in Refs.5,6.
In the QH regime, the zero-density state transforms
into the ν = 0 QHFM20–24. The generic phase diagram
of the ν = 0 QHFM in BLG was obtained in Ref. 24 and
consists of four phases: spin-polarized, antiferromagnetic
(canted, once the Zeeman effect is taken into account),
interlayer-coherent (at zero perpendicular electric field),
and fully layer-polarized. Also, it was argued in Ref. 24
that the experimentally observed insulating ν = 0 QH
state in BLG is the AF phase of the ν = 0 QHFM. This
conclusion was reached by comparing the obtained phase
diagram with the experimental data of Ref. 5 and was
based on the argument that AF is the only phase consis-
tent with the observation of the insulator-insulator phase
transitions in the perpendicular electric field. The same
transitions are observed in Ref. 1 and thus the same con-
clusion about the AF phase in the QH regime can be
made.
Crucially, combined with the above conclusions, the
fact that the insulating state of Ref. 1 shows a continuous
crossover between the zero-field and QH regimes strongly
suggests that the AF phase persists at all magnetic fields.
Here we theoretically demonstrate that this is indeed a
feasible scenario.
II. MODEL
Our starting point is the Hamiltonian for interacting
electrons in the perpendicular magnetic field,
Hˆ = Hˆ0 + Hˆi,
Hˆ0 =
∫
d2rψ†hˆ0ψ, hˆ0 =
1
2m
(
Tz+ ˆ˜p2+ + Tz− ˆ˜p2−
)
,(1)
Hˆi =
1
2
∫
d2r
∑
αβ
4pi
m
gαβ :[ψ
†Tαβψ]2: . (2)
We describe electron dynamics in the framework of the
two-band model25 of BLG, valid at energies   t⊥ be-
low the interlayer hopping amplitude t⊥ ≈ 0.3eV. At
such energies, the wave-functions are predominantly lo-
calized on A and B˜ sublattices, located in different lay-
ers, Fig. 1. The relevant degrees of freedom are joined
into the eight-component field operator ψ = (ψ↑, ψ↓)t,
ψσ = (ψKA, ψKB˜ , ψK′B˜ ,−ψK′A)tKK′⊗A¯B¯ , in the direct
product KK ′ ⊗ A¯B¯ ⊗ s of the valley, sublattice, and
spin spaces, respectively. We use the same basis as in
Refs. 12,17. Note that in this basis, the actual A and B˜
sublattices are interchanged in the K ′ valley; therefore,
to avoid confusion, we denote this sublattice space as A¯B¯.
In Eq. (2), : . . . : denotes normal ordering of operators
and the summation goes over α, β ∈ {0, x, y, z}. We set
~ = 1 everywhere in the paper, except for the quantum
conductance value e2/h.
In the kinetic energy term (1), m is the effective mass,
ˆ˜p± = ˆ˜px ± i ˆ˜py, ˆ˜pα = pˆα − ecAα, pˆα = −i∂α for α = x, y,
and rotA = (0, 0, B). In Eqs. (1) and (2) and below, for
α, β, γ ∈ {0, x, y, z},
Tαβγ = τKK′α ⊗ τ A¯B¯β ⊗ τsγ , Tαβ = Tαβ0, Tz± = Tzx± iTzy,
with the unity (τ0 = 1ˆ) and Pauli (τx, τy, τz) matri-
ces in the corresponding subspaces. To keep the analysis
simpler, we leave the orbital magnetic field as the only
single-particle effect and neglect the effects of warping
and strain26: the quite large extracted value Eexpgap ≈ 20K
of the transport gap suggests that the correlation effects
dominate over these effects under the experimental con-
ditions of Ref. 1. We also neglect the Zeeman effect for
the same reason: for perpendicular field orientation, the
actual canted AF phase24 should differ little from the AF
phase.
Equation (2) is the most general form of the point two-
particle interactions, asymmetric in the KK ′⊗A¯B¯ space,
allowed by the symmetry of the BLG lattice12,17,27. The
couplings satisfy the relations g⊥⊥ ≡ gxx = gxy =
gyx = gyy, g⊥z ≡ gxz = gyz, gz⊥ ≡ gzx = gzy,
g⊥0 ≡ gx0 = gy0, g0⊥ ≡ g0x = g0y, yielding the total
of nine independent couplings12,13,17,27. The asymmet-
ric channels [(α, β) 6= (0, 0)] arise from the Coulomb or
electron-phonon interactions at the lattice scale and may
be assumed to have zero range. For simplicity, we approx-
imate the symmetric interactions [(α, β) = (0, 0)] as local
ones as well, which is qualitatively justified for the fol-
lowing reasons. First, in a typical experimental setup, a
nearby metallic gate will screen the Coulomb interactions
beyond the distance d from the BLG sample to the gate,
i.e., the interaction potential in the momentum space is
V0(q) = 2pie
2/(κq) at qd & 1 but V0(q) ∼ e2d/κ at qd . 1
(κ is the dielectric constant of the environment). Sec-
ond, although the state studied below is gapped, screen-
ing by the BLG electron system is still efficient at mo-
menta q & q∗ ≡ max(
√
∆0zm, 1/lB) above the scale set
by either the correlation length 1/
√
∆0zm of the gapped
state (∆0z is the zero-field gap defined below) or the mag-
netic length lB =
√
c/(eB). That is, the static polariza-
tion operator Π(q & q∗) ∼ Nm (N = 4 is the discrete
band degeneracy due to two valleys and two spin pro-
jections) is finite at such scales, even though it vanishes
in the long wavelength limit, Π(q = 0) = 0. Since the
physical quantities are determined by the screened po-
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FIG. 2: The components ∆0 = −gz0zB and ∆z of the mean-
field potential (5) of the antiferromagnetic phase (AF) as func-
tions of B/∆
0
z; ∆z is obtained by numerically solving the
self-consistency equation, either Eq. (8) or (10). The value
gz0z = 0.4 was used. See caption to Fig. 3 for details.
tential V (q) = V0(q)/[1 + Π(q)V0(q)] in a finite range
of momenta q [no gauge-invariant quantity depends on
V (q = 0) alone], the Coulomb interactions are still
well screened V (q & q∗) ≈ 1/Π(q & q∗) at relevant
momenta q ∼ q∗ and may thus be effectively repre-
sented by a contact potential with the coupling constant
g00 ∼ ( m4pi )/Π(q ∼ q∗) ∼ 1/N .
There is no accurate knowledge of the coupling con-
stants gαβ , yet their “bare” values at the bandwidth ∼ t⊥
of the two-band model determine the favored broken-
symmetry ground state in BLG at zero doping. AtB = 0,
a systematic weak-coupling analysis of the many-body in-
stabilities is carried out within the RG approach9,12,13,17.
In the QH regime, the interaction-induced ν = 0 state is
studied within the framework of QHFMism20–24. Among
the variety of predicted phases, the AF phase was demon-
strated to occur at both B = 0 and in the QH regime,
under realistic assumptions about the values of the cou-
pling constants gαβ . We will now assume that the AF
phase is the favored ground state both at B = 0 and in
the QH regime and demonstrate that the AF phase then
persists at all intermediate B and that the two limits are
adiabatically connected.
III. MEAN-FIELD ANALYSIS
We study the problem within the MF approach. At
B = 0, the order parameter (OP) Q = 〈: ψψ† :〉 of the
AF phase has the form
Q = Q0z τ
KK′
z ⊗ τ A¯B¯z ⊗ τsz . (3)
At finite magnetic field B > 0, due to the emergence
of the n = 0, 1 Landau levels (LLs)25 and the peculiar
property of their wave functions to reside on only one
sublattice in each valley, the OP necessarily acquires a
component τ A¯B¯↓ =
1
2 (1 − τz)A¯B¯ in the A¯B¯ space; hence
one needs to include the Tz0z component in the full OP
of the AF phase. The OP that describes the AF state at
arbitrary magnetic field therefore has the form
Q = τKK
′
z ⊗ (Q01ˆ +Qzτz)A¯B¯ ⊗ τsz . (4)
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FIG. 3: Mean-field Landau level (LL) spectrum (6),(7) of the
antiferromagnetic (AF) phase as a function of the magnetic
field B, obtained using the numerical solution for ∆0 and ∆z
shown in Fig. 2; the dependence on B is expressed in terms
of the ratio B/∆
0
z of the cyclotron energy B = eB/(mc)
and zero-field gap ∆0z. Only the levels with n ≤ 4 are
shown (the numbers indicate n), En±K↑ = En±K′↓ (red),
En±K↓ = En±K′↑ (blue). The dependence of the gap Egap
[Eq. (13)] between the positive and negative energy levels on
B closely reproduces that of the transport gap E
exp
gap of the in-
sulating state observed in Ref. 1, compare with Fig. 3 therein.
The used value gz0z = 0.4 provides quantitative agreement
with the experimental value dEexpgap/dB = 1.3 (converted from
dEexpgap/dB = 5.5meV/T at m = 0.028me
6) of Ref. 1 for the
slope dEgap/dB of the gap at higher fields, see Eqs. (14),
(15) and text.
Performing decoupling of interactions in Eq. (2), Hˆi →
Hˆi,mf =
∫
d2rψ†∆ˆψ, we obtain the MF potential
∆ˆ = τKK
′
z ⊗ (∆01ˆ + ∆zτz)A¯B¯ ⊗ τsz , (5)
where ∆α = − 4pim gzαzQα (α = 0, z) and gzzz = g00+gzz+
4g⊥⊥−2g⊥z−2gz⊥−2g0⊥+ g0z−2g⊥0 + gz0 and gz0z =
g00 +gzz−4g⊥⊥−2g⊥z + 2gz⊥+ 2g0⊥+g0z−2g⊥0 +gz0.
Solving the eigenvalue problem for the Hamiltonian
hˆ0 + ∆ˆ, we obtain the mean-field LL spectrum
Enλσ = (∆0 −∆z)sλsσ, n = 0, 1, (6)
En±λσ = ∆0sλsσ ±
√
2n + ∆
2
z, n ≥ 2. (7)
Here, n = B
√
n(n− 1) is the LL spectrum of the non-
interacting BLG and B = 1/(ml
2
B) ≈ 1.3mem B[T]K is
the cyclotron energy, with me the electron mass. Each
state is characterized by the valley λ = K,K ′ and spin
σ =↑, ↓ indices and sλ = ±1 and sσ = ±1, respectively.
Calculating the OP (4) in the eigenstate basis, we ob-
tain the self-consistency equations at zero temperature
∆z = g
zzzB
(
n0∑
n=2
∆z√
2n + ∆
2
z
+ 1
)
, ∆0 = −gz0zB .
(8)
4In the right-hand side of the equation for ∆z, the unity
represents the contribution from n = 0, 1 LLs, while the
sum from n ≥ 2 LLs. We impose an ultraviolet en-
ergy cutoff 0 on the spectrum and cut the otherwise
logarithmically divergent sum by the large integer part
n0 = [0/B ] 1.
Equations (4)-(8) are the key result of our work. The
solution of Eq. (8) for ∆z and ∆0 determines the evo-
lution of the order parameter (4) of the AF state with
the magnetic field and the MF quasiparticle spectrum
(6) and (7). Below we discuss the key properties.
At B = 0, ∆0 = 0 and the equation for ∆z reduces to
∆z = g
zzz
∫ 0
0
d
∆z√
2 + ∆2z
. (9)
Its solution ∆0z = 20 exp(−1/gzzz) determines the gap
in the spectrum at B = 0. The OP is given by Eq. (3)
with Q0z = −∆0zm/(4pigzzz).
One can eliminate the cutoff n0 from Eq. (8) for ∆z
using the standard procedure known from the BCS the-
ory28. Namely, one may represent the integral∫ 0
0
d√
2 + ∆2z
=
n0∑
n=2
fn + f0 + ln
B
∆z
+ o(1)
that enters Eq. (9) for ∆0z by an arbitrary series with
asymptotic f0 +
∑n0
n=2 fn = ln(2n0) + o(1) at n0 =
[0/B ] → ∞; the specific form of the series is a mat-
ter of convenience. Adding and subtracting these two
forms from the sum in Eq. (8), one arrives at an equiva-
lent equation for ∆z,
B
∆z
= f0 +
∞∑
n=2
(
fn− 1√
n(n−1) + (∆z/B)2
)
+ ln
B
∆0z
.
(10)
A slightly different mathematically, but equivalent pro-
cedure of eliminating the high-energy cutoff from Eq. (8)
was introduced earlier in Ref. 30.
The form of Eq. (10) shows explicitly that the func-
tional dependence of ∆z on B is, in fact, fully deter-
mined by one parameter, its value ∆0z at B = 0. The
component ∆0 = −gz0zB , in its turn, is linear in B and
its slope is controlled by the coupling constant gz0z. The
present theory is therefore described by two parameters,
the zero-field gap ∆0z and the coupling constant g
z0z.
In the QH regime B  ∆0z, it follows from Eq. (10),
∆z = g˜
zzz(B)B , g˜
zzz(B) = 1/[ln(B/∆
0
z) +C0], (11)
C0 = ln(2e
1−γ) +
∑∞
n=2[1/n − 1/
√
n(n− 1)] ≈ 0.674.
We have introduced the notation g˜zzz(B), since accord-
ing to Eq. (8), Eq. (11) can be interpreted as a QH-
type dependence, akin ∆0 = −gz0zB , with a “renormal-
ized” coupling constant, gzzz → g˜zzz(B) = gzzz/[1 −
gzzz ln(1.020/B)].
Thus, at higher fields, ∆z is quasilinear in B with
a logarithmically varying slope, as observed earlier in
Ref. 30. The OP equals
Q =
1
2pil2B
τKK
′
z ⊗τ A¯B¯↓ ⊗τsz −
1
4pil2B
τKK
′
z ⊗τ A¯B¯z ⊗τsz
δgzzz
gzzz
,
(12)
δgzzz = g˜zzz − gzzz. The first contribution arises from
n = 0, 1 LLs, while the second one is the AF OP induced
in the n ≥ 2 LLs by LL mixing. This OP describes the
AF phase of the ν = 0 QHFM considered in Ref. 24.
At intermediate fields, either Eq. (8) or (10) for ∆z
can be solved numerically. The components ∆0 and ∆z
as functions of the magnetic field B expressed in terms
of B/∆
0
z are plotted in Fig. 2. As anticipated, we find
that upon applying the magnetic field the system pre-
serves the AF order and the AF state at B = 0 [Eq. (3)]
continuously crosses over to the AF phase of the ν = 0
QHFM [Eq. (12)].
The resulting mean-field LL spectrum (6),(7) of the
AF state is plotted in Fig. 3. The MF quasiparticle gap
Egap = 2 min(E2+K↑, E0K↓) (13)
is given by twice the energy of the lowest positive state.
The gap Egap = 2∆
0
z is finite at B = 0.
As seen from Figs. 2 and 3, in the major range of fields
B & ∆0z, the gap is determined by n = 0, 1 LLs,
Egap/2 = E0K↓ = ∆z+ |∆0| ≈ [g˜zzz(B)+gz0z]B , (14)
and the formula (11) is accurate. Thus, in the QH regime,
reached already at B & ∆0z, the gap (14) has a quasi-
linear dependence on B associated with the QHFM
physics; the quasi-slope equals
dEgap
dB
=2
(
d∆z
dB
+ gz0z
)
,
d∆z
dB
= g˜zzz(B)−[g˜zzz(B)]2.
(15)
At lower fields B . ∆0z, the gap Egap exhibit the fol-
lowing peculiar behavior, Fig. 3. Since ∆z grows quadrat-
ically at B/∆
0
z  1,30 whereas ∆0 is linear in B , the
energies En+K↑ = En+K′↓ of n ≥ 2 LLs [Eq. (7)] ini-
tially decrease. Thus at lower fields B . ∆0z, the gap
Egap = 2E2+K↑ is determined by the n = 2 LL and ex-
hibits a nonmonotonic behavior in B . The E2+K↑ and
E0+K↓ LLs cross at a finite value of B ∼ ∆0z, above
which the gap Egap = 2E0K↓ becomes determined by
n = 0, 1 LLs, as discussed above.
These results for the gap dependence on the magnetic
field were subsequently reproduced in Ref. 30 within a
slightly different approach.
IV. COMPARISON WITH EXPERIMENT OF
REF. 1
In the experiment of Ref. 1, the transport gap
Eexpgap(B) ≡ eVth was defined as the threshold value Vth of
the bias voltage V , at which the low-temperature I(V )-
dependence experiences a jump as the system switches
5from the insulating to the conducting state. The ob-
tained mean-field spectrum (Fig. 3) reproduces well the
dependence of the so-defined gap Eexpgap(B) on the mag-
netic field B, compare with Fig. 3 in Ref. 1. A distinct
feature of Eexpgap(B) is that the linear dependence at higher
B, if extrapolated to B = 0, crosses the vertical axis at a
value only slightly below the actual zero-field gap. The
calculated spectrum exhibits the same property.
A quantitative agreement between the key parameters
of the experimental Eexpgap(B) and theoretical Egap(B) gap
dependencies, the zero-field value Eexpgap(B = 0) ≈ 20K
and the slope dEexpgap/dB = 1.3 at higher fields
29, is
achieved by adjusting the two free parameters of the
model, ∆0z and g
z0z. First, the zero-field gap is fit by
setting ∆0z = E
exp
gap(B = 0)/2 ≈ 10K. Second, taking the
typical slope d∆z/dB ≈ 0.25 of the ∆z(B)-dependence
in the experimentally relevant range 1T < B < 4T of
fields, we obtain from Eq. (15) that the experimental
slope is fit at gz0z ≈ 0.4. The ∆z(B) and ∆0(B) depen-
dencies in Fig. 2 and the spectrum in Fig. 3 are presented
for this value of gz0z.
The predicted peculiar nonmonotonic behavior of
Egap(B) at lower fields (B ∼ ∆0z, B ∼ 1T) is, how-
ever, not seen in the experimental Eexpgap(B)-dependence
of Ref. 1. Instead, Eexpgap(B) shows a monotonic growth
with B. Several comments are in order in this regard.
On the theoretical side, it is an open question whether
the predicted low-field behavior is a genuine feature of the
AF state, rather than an artifact of the employed approx-
imations, and how robust it is to various perturbations.
As seen from Fig. 3, for the parameters that provide a
fit of the slope at higher fields, these features are numer-
ically quite small and could therefore be affected by sev-
eral factors that were neglected in the present analysis,
such as the linear-in-momentum term in the spectrum or
the Zeeman effect31.
On the experimental side, first, the predicted features
could simply be beyond the resolution of the data of
Ref. 1. Second, it is an open question whether the
gap Eexpgap(B) defined as the bias threshold of the I(V )-
dependence of a highly nonequilibrium state accurately
represents the true gap in the excitation spectrum of the
ground state. Measurements of the gap dependence on
the magnetic field via the thermally activated behavior of
conductance in the linear response regime, which would
allow for a direct comparison with the present theory,
have not yet been reported.
For these reasons, we believe the low-field behavior de-
serves further investigation before a conclusive compari-
son between the theory of the AF state and experiment
in this regime can be made.
V. CONCLUSION
We developed a mean-field theory of the interaction-
induced antiferromagnetic state in BLG at charge neu-
trality point at arbitrary perpendicular magnetic field.
The theory reproduces well the key features of the recent
experiment1 on suspended BLG samples: persistence of
the insulating state at all magnetic fields and the de-
pendence of its transport gap on the magnetic field. At
higher magnetic fields, the state crosses over to the an-
tiferromagnetic phase of the ν = 0 QHFM, argued in
Ref. 24 to be realized in the insulating ν = 0 quan-
tum Hall state. The presented analysis suggests that the
insulating state observed in Ref. 1 is antiferromagnetic
(canted, once the Zeeman effect is taken into account) at
all magnetic fields.
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